We introduce and investigate flat semimodules and k-flat semimodules. We hope these concepts will have the same importance in semimodule theory as in the theory of rings and modules.
said to be a semimonomorphism if ker α = 0, to be a semi-isomorphism if α is surjective and Ker α = 0, to be an isomorphism if α is injective and surjective, to be i-regular if α(M) = Im α, to be k-regular if for a, a ∈ A, α(a) = α(a ) implying a + k = a + k for some k, k ∈ ker α, and to be regular if it is both i-regular and k-regular.
(g) An R-semimodule M is said to be k-regular if there exist a free R-semimodule F and a surjective R-homomorphism α : F → M such that α is k-regular. (k) If M is a right R-semimodule, N is a left R-semimodule, and T is an N-semimodule, then a function θ : M × N → T is R-balanced if and only if, for all m, m ∈ M, for all n, n ∈ N, and for all r ∈ R, we have
. Let R be a semiring, let M be a right R-semimodule, and let N be a left R-semimodule. Let A be the set M ×N, and let U be the N-semimodule ⊕ A N×⊕ A N. Let W be the subset of U consisting of all elements of the following forms:
( 
Our next result shows that the class of flat and k-flat semimodules is closed under direct sums.
Proof. Let M be a left R-semimodule and K a subsemimodule of M. Consider the following commutative diagram: 
Consider the following exact sequence:
Our next result gives a necessary and sufficient condition for a projective semimodule to be k-flat relative to a cancellable semimodule M. 
(2.5)
is exact. "Only if" part. Let K ≤ M. Consider the following exact sequence:
Since V is projective and M is cancellable, then by using [9, Proposition 1.16],
Flatness via injectivity.
We will discuss the relation between the injectivity and flatness. By (·) * we mean the functor Hom N (−,C), where C is a fixed injective semicogenerator cancellative N-semimodule.
Remark 3.1. If U is a right R-semimodule, then U * is a left R-semimodule.
Proof. Let α ∈ Hom N (U , C) and let r ∈ R. Define r α(u) = α(ur ). If s ∈ R, then s(r α)u = (r α)(us) = α(usr ) = (sr )α(u). Therefore, U
* is a left R-semimodule.
We state and prove the following lemma, analogous to the one on modules which is needed in the proof of Proposition 3.3. 
given by ϕ(γ) : u ⊗ m γ(m)u. Then with a parallel definition for ϕ , we have
and the diagram commutes. 
where ϕ and ϕ are N-isomorphisms. It follows that the top row is proper exact if and only if the bottom row is proper exact, whence by [6, Proposition 3.1], V * is injective.
is proper exact. Again by the above diagram,
is proper exact. Hence, the sequence is exact. Since C is a semicogenerator, then by [3, Proposition 4.1], the sequence 0
4. Cancellable semimodules. In this section, we deal with cancellable semimodules. We characterize k-flat cancellable semimodules by means of left ideals. 
(2)⇒(1). Again consider the above diagram. Let I be any left ideal of R and let In module theory every projective module is flat. Now we see that this is true for certain special semimodules. Proof. By using [5, Theorem 19] , P is isomorphic to a direct summand of a free semimodule F . By Corollary 4.3, F is Mk-flat. Hence, by using Proposition 2.3, P is Mkflat. 
